Parkers' model of thermal escape implies the search of solutions of one-dimensional hydrodynamic equations for an inviscid but thermally conducting gas with a critical point and vanishing temperature far from the source. The properties of solutions of this model are studied for neutral mon-and diatomic gases with the viscosity index varying from 1/2 to 1. The domains of existence and uniqueness of solutions in terms of the source Jeans escape parameter and Knudsen number are established. The solutions are found to exist only in a narrow range of the critical point Jeans parameter. The lower and upper limits of this range correspond to solutions that are dominated by either heat conduction or adiabatic expansion. Thermal escape described by Parker's model occurs in two asymptotic regimes: the low-density (LD) regime, when escape is dominated by heat conduction, and the high-density (HD) regime, when escape is dominated by adiabatic expansion. Expressions for the mass and energy escape rates in these regimes are found theoretically. The comparison of results of hydrodynamic and kinetic simulations performed in identical conditions shows that Parker's model is capable of describing thermal escape only in the HD regime, providing decent agreement with the kinetic model in terms of the atmospheric structure below the exobase and the mass and energy escape rates. In the LD regime, Parker's model predicts a much faster drop in atmospheric temperature and less extended atmospheres, and can both over-and underestimate the escape rates in orders of magnitude.
I N T RO D U C T I O N
Thermal escape is the process of mass loss of a planetary atmosphere by gas molecules who leave the atmosphere with translational energies exceeding the gravitational binding energy (Lammer et al. 2008) . Thermal escape is one of the major factors that define the evolution of atmospheres of planetary bodies in the solar system and exoplanets on geological time scales and, thus, it allows one to connect the past, present and future of planetary objects Lammer et al. 2008; Tian 2015) . Thermal escape also significantly affects the structure of upper atmosphere, so that a model of thermal escape is an important constituent of models of upper atmospheric flows .
A simplistic picture of thermal escape can be viewed as follows. Since density decreases with height, above a certain level in the atmosphere, called the exobase, collisions between molecules become infrequent, and any molecule with translational energy exceeding the local gravitational binding energy leaves the atmosphere at a hyperbolic trajectory. The mass flux of such molecules is known as the loss or escape rate. The first approach for predicting the at-E-mail: avolkov1@ua.edu mospheric loss rate was probably developed byÖpik and Singer (1961) and Chamberlain (1963) who assumed that the exobase lies at a level, where the mean free path of gas molecules is equal to the atmospheric scale height, the gas density and temperature at the exobase can be calculated based, e.g. on the model of either static or isothermal atmosphere, the atmospheric structure in the exosphere above the exobase can be obtained by solving Liouville's equation for gas molecules moving without collisions, and the escape rate can be calculated assuming the Maxwell-Boltzmann distribution with zero bulk velocity at the exobase. The latter results in the famous Jeans (1904) equation for the escape rate . Although being useful as a starting point for the understanding of thermal escape, this model is significantly oversimplified, since it does not account for real atmospheric structure, which can substantially affect the exobase position and gas parameters at the exobase, for the effect of intermolecular collisions above the exobase, where the flow occurs in the transitional flow regime, and for the deviation of the velocity distribution function of gas molecules at the exobase from a Maxwellian with zero bulk velocity (Yelle 2004; Boqueho & Blelly 2005) .
The latter is important, in particular, in a relatively weak gravitational field, where adiabatic expansion can lead to fast acceleration of the atmospheric gas to supersonic velocities below the exobase.
Then the bulk gas velocity contributes to the translational energy of molecules at the exobase and results in macroscopic outflow of the atmospheric gas. Such situation is specific, e.g. for outflows from comet nuclei (Crifo et al. 2002; Tenishev et al. 2008 ) and certain Kuiper belt objects (Levi & Podolak 2009) , as well as escape of hydrogen from atmospheres of certain exoplanets (Murray-Clay, Chiang & Murray 2009) induced by absorption of stellar radiation. This regime of thermal escape is called the hydrodynamic regime or blow-off and was considered by Parker (1963) for the solar corona, andÖpik (1963) for atmospheric escape. On the contrary, the Jeans regime of thermal escape occurs when the gravitational field is strong and the bulk gas velocity is small with respect to the sound speed at the exobase, so that escape is viewed as evaporation of gas molecules from the exobase and satisfactory described by the Jeans equation.
The relative strength of the gravitational field is usually characterized by the Jeans escape parameter λ, which is the ratio of the gravitational energy to the characteristic thermal energy of an atmospheric molecule. Correspondingly, the domains of the Jeans and hydrodynamic regimes are discussed in terms of the Jeans parameter at the exobase λ x . It is usually accepted that the Jeans escape happens at λ x ∼ 10, whileÖpik (1963) suggested that the blow-off occurs when the thermal energy of a molecule at the exobase is larger than the gravitational energy and, thus, λ x < 3/2. The latter, however, cannot be an accurate, since at blow-off the contribution of the bulk velocity to the translational energy is large and cannot be neglected . The intermediate range of λ x , from ∼2 to ∼10, is the domain of the slow hydrodynamic escape regime , where the escape rate is much smaller than at blow-off, but can be potentially strongly enhanced by the bulk gas velocity at the exobase and deviation of the velocity distribution of gas molecules from the equilibrium distribution. The notion of slow hydrodynamic escape was introduced probably by Krasnopolsky (1999) , who applied the hydrodynamic model of thermal escape to Pluto's atmosphere and found that the exobase conditions correspond neither to hydrodynamic nor Jeans escape. The theoretical treatment of thermal escape in this regime is complicated and ability of various models to predict the loss rate and upper atmospheric structure in conditions of slow hydrodynamic escape is still argued. This regime is the major subject of this paper.
To date, the majority of theoretical studies of slow hydrodynamic escape employs the hydrodynamic or continuum models of gas flows, which have their roots in the Navier-Stokes equations. The nature of the thermal escape problem, however, hampers the straightforward application of the full Navier-Stokes equations, because they require to some extent artificial boundary conditions that should be posed above the exobase, i.e. in the exosphere, where flow is highly rarefied and strongly non-equilibrium, and the Navier-Stokes equations, which are derived from the Boltzmann equation assuming small deviations from local equilibrium (Chapmen & Cowling 1970; Ferziger & Kaper 1972) , are invalid. In particular, the Fourier law that describes the transport of thermal energy in the atmospheric gas via collisions between molecules, overestimates the heat flux in the exosphere, where the collisions are ceased (Volkov et al. 2011a ). The development of hydrodynamic models of thermal escape was driven by the search of reduced models requiring a minimum number of boundary conditions at infinity or by introducing the upper boundary conditions at a finite distance from the source (Yelle 2004; Tian et al. 2008; Volkov et al. 2011a; Erkaev et al. 2013; Erwin, Tucker & Johnson 2013; Zhu, Strobel & Erwin 2014 ).
Historically, the reduced models of thermal escape originate from models developed to describe the flow of ionized hydrogen in the solar corona. Chamberlain (1961 Chamberlain ( , 1965 developed a model of solar corona based on the Navier-Stokes equations, assuming no viscosity, zero temperature at infinity and zero energy escape rate e (total energy of escaping molecules per steradian and per unit time). His model predicted the 'slow' or 'breeze' solutions, which approach isentropic flow far from the source, so that the effect of thermal conductivity and flow velocity vanish at infinity. Solutions of another type with temperature approaching zero far from the source, but with e > 0 were numerically obtained by Noble & Scarf (1963) and then studied theoretically by Parker (1964a,b) . These 'fast' or 'wind' solutions pass through the isothermal sound point and have velocity monotonously increasing from the source up to some non-zero terminal value as well as finite contribution of thermal conductivity to e far from the source. Later on other types of solutions were found (Roberts & Soward 1972) . The domains of existence of various solution types and uniqueness of solution of solar wind equations were studied by Roberts & Soward (1972) for fully ionized hydrogen and by Freeman and Johnson (1972) for a non-monatomic gas with the isentropic expansion factor γ > 3/2 and viscosity index ω > 1. The domains of existence of solutions for a diatomic gas with γ = 7/5 and, in general, for neutral gases with ω ≤ 1 have not been defined so far. Sekiya, Hayashi & Nakazawa (1981) applied a similar hydrodynamic model to study the escape of hydrogen from early Earth; however, they did not account for heat conduction. Later on, Watson, Donahue & Walker (1981) , McNutt (1989) and Hubbard, Yelle & Lunine (1990) developed hydrodynamic models ascending to Parker's (1964a,b) work. In the following decades, the Parker-type hydrodynamic models of thermal escape become a popular tool for studying atmospheres of early terrestrial planets (Chassefière 1996a,b; Tian et al. 2005a; Erkaev et al. 2013; Kuramoto, Umemoto & Ishiwatari 2013) , distant bodies in the solar system like Titan and Pluto (Krasnopolsky 1999; Strobel 2008a,b) and exoplanets (Tian et al. 2005a (Tian et al. , 2009 Muñoz 2007; Murray-Clay et al. 2009; Koskinen et al. 2013; Lammer et al. 2013; . In the majority of papers, only one-dimensional spherically symmetric steady-state hydrodynamic models of thermal escape were considered. This restriction is explained not only by technical difficulties in the implementation of multidimensional models (Stone & Proga 2009 ), but also by large uncertainties in input parameters, which necessitate a study of a broad parameter space even in the case of a spherically symmetric atmosphere.
Application of hydrodynamic models under conditions of blowoff, when the flow at the exobase is supersonic, is relatively straightforward, since in this case the problem of missing boundary conditions can be easily solved. According to the acoustic analysis of time-dependent gas dynamic equations, no boundary conditions are needed at the exit supersonic boundary (Fletcher 1991) . In application to thermal escape it means that it is sufficient to place the exit boundary between the sonic point and exobase, but above the layer heated by the stellar radiation. Then the solution of unsteady hydrodynamic equations should converge to a correct steady-state solution of the problem (Murray-Clay et al. 2009 ). The hydrodynamic models, however, are systematically used in order to study slow hydrodynamic and even Jeans-like escape, when the condition of zero temperature at infinity, e.g. Watson et al. (1981) , Strobel (2008b) , Zhu et al. (2014) , or supersonic conditions above the exobase, e.g. Tian et al. (2005a,b) , Koskinen et al. (2013) , Kuramoto et al. (2013) , are applied, i.e. the boundary conditions are imposed in the domain where the equations themselves are invalid. As such, any conjunction based on solutions of hydrodynamic equations in the slow hydrodynamic escape regime is hypothetical and should be validated in simulations with models applicable independently on the degrees of rarefaction and nonequilibrium in gas flow.
The kinetic models based on the Boltzmann equation naturally account for non-equilibrium of gas flow in the exosphere and, thus, can be used to predict the transition from continuum flow below the exobase to nearly free molecular flow in the exosphere. The kinetic models can be implemented in the forms of generalized continuum equations, e.g. Schunk & Watkins (1979) and Boqueho & Blelly (2005) , the discrete ordinate method, e.g. Merryfield & Shizgal (1994) , or the Direct Simulation Monte Carlo (DSMC) method, e.g. Tucker & Johnson (2009) . The DSMC method (Bird 1994 ) is based on the representation of the gas flow field by a number of particles-simulators which move under the effect of the gravitational field and participate in binary collisions with each other. The application of the DSMC method has already resulted in the great improvement of understanding of cometary atmospheres (Crifo et al. 2002; Tenishev et al. 2008) , as well as tenuous or collapsing atmospheres of certain satellites, e.g. Io (Walker et al. 2010 ). In the thermal escape problems, the DSMC method is usually applied only to the exobase region (Tucker & Johnson 2009) or as a part of combined hydrodynamic/kinetic models (Tucker et al. 2012; Erwin et al. 2013) , since the computational expenses become cumbersome if the DSMC method is applied to atmosphere, where the mean free path of molecules is many orders of magnitude smaller than the atmospheric scale height.
The deficiencies of hydrodynamic models applied to exospheric flows do not imply, however, that these models cannot predict the atmospheric structure below the exobase if the mass, m , and energy, e , escape rates are properly defined. In fact, it was found that solutions of these equations below the exobase are in perfect agreement with results of kinetic simulations if m and e are the same in both models as it is illustrated, e.g. in Fig. 1 . The results in Fig. 1 were first obtained with the kinetic model and m and e were found (Volkov et al. 2011b ). These m and e then were used to solve hydrodynamic equations for the same source conditions. The both models deviate from each other only above the exobase, where the Fourier law is not valid. Taking these results into account, one can pose the following question: if the gravitational field is strong enough, can the hydrodynamic model alone be used in order to predict the loss rate and atmospheric structure below the exobase?
The goal of this paper is two-fold. First, a comprehensive theoretical and numerical study of properties of the hydrodynamic model for a neutral atmospheric gas is performed. This part of the paper is complimentary to studies by Roberts & Soward (1972) and Freeman and Johnson (1972) for the solar wind. Secondly, the paper addresses the question formulated above and presents a systematic comparison between results of the hydrodynamic and kinetic simulations performed under identical conditions. The consideration is limited by the case of no external atmospheric heating, because the results of kinetic simulations (Volkov et al. 2011a,b; Volkov, Johnson & Tucker 2013; Volkov 2014) are available only for this case. The Parker-type hydrodynamic model, where the boundary condition far from the source is given in the form of vanishing gas temperature, is chosen for comparison. For purposes of this paper, this model is called 'Parker's model of thermal escape' with the accurate definition given in Section 3. This work is targeted at revealing the general properties of Parker's model rather than at study of a particular planetary body. Distributions of the isothermal Mach number Ma, density ρ/ρ 0 , temperature T /T 0 and ratio l mfp /H of the mean free path of gas molecules l mfp to the atmospheric scale height H = r/λ obtained with the hydrodynamic (equations (2) and (6); solid curves) and kinetic (Volkov et al. 2011b ; dashed curves) models for a monatomic gas of hard spheres (γ = 5/3 and ω = 1/2) at the source Jeans parameter λ 0 = 10 and Knudsen number Kn 0 = 10 −3 . The hydrodynamic solution is calculated for the escape rates, m and e , found preliminary in the kinetic simulation. Vertical dashdotted line marks the position of the exobase where l mfp = H , which is practically the same for both models.
The paper is organized as follows. Parker's model is formulated in Sections 2 and 3 and different asymptotic behaviour of solutions far from the source is discussed by analysing this model in reduced units in Section 4. In Section 5, a numerical study of Parker's model is performed for different parameters of the molecular model. It results, in particular, in the determination of ranges of source and critical point parameters, where solutions of Parker's model exist and are unique. A number of limit solutions of Parker's model for the cases of low-and high-density atmospheres are then considered in Sections 6 and 7. This study helps to verify the numerically determined properties of Parker's model in the critical point and shows that the most important solutions of Parker's model demonstrate, with increasing distance from the source, a transition between two limit solutions corresponding to high gas density at the source and low gas density at the critical point. Furthermore, this study reveals two major regimes of thermal escape predicted by Parker's model, namely the low-and high-density (HD) regimes, which are introduced in Section 8. The results of numerical calculations and theoretical evaluations are used in Section 9 in order to study the escape rates and find theoretical expressions for the mass and energy escape rates. The results obtained with Parker's model are compared with results of recent kinetic simulations of thermally escaping flows in Section 10. The main finding is that Parker's model is capable of predicting the escape rates and upper atmospheric structure only under the conditions specific for the HD regime. In Section 11, the summary of the obtained results is presented.
ideal gas in an atmosphere without external heating can be written as follows (e.g. 
where r is the radial distance, the prime symbol denotes derivatives with respect to r, ρ, u and T are the gas density, velocity and temperature, M is the mass of a planetary body, G is the gravitational constant, = k B /m is the gas constant (k B is the Boltzmann constant and m is the mass of a gas molecule), c p = (5 + ζ ) /2 is the gas specific heat at constant pressure (ζ is the number of rotational and vibrational degree of freedom of a gas molecule), m and e are the mass and energy escape rates per steradian, τ rr and q r are the radial components of the viscous stress tensor and heat flux vector defined by Newton's and Fourier laws,
Here μ and κ are the molecular dynamic viscosity and thermal conductivity, which are assumed to be given by power laws with the viscosity index ω
where μ 00 and κ 00 are values of viscosity and thermal conductivity at the reference temperature T 00 . In the kinetic theory of gases, power laws given by equation (1e) can be derived assuming that collisions between gas molecules are described by the Variable Hard Sphere (VHS) model (Bird 1994) . For more realistic molecular models, equation (1e) can be considered as an approximation in a certain range of temperature. Depending on the sort of the gas and temperature range, ω varies from 1/2 in a gas of hard spheres (HS), to 1 in a Maxwell gas (Hirschfelder, Curtiss & Bird 1954) . It will be shown in the present paper that thermally escaping flows of neutral species with 1/2 ≤ ω ≤ 1 are different from solar wind flows of fully ionized hydrogen, (e.g. Roberts & Soward 1972) where ω = 5/2 (Spitzer 1956 ). One can exclude ρ from equations (1a-c) and then obtain a system of first-and second-order equations with respect to u and T . These equations include two unknown parameters m and e , so that totally five boundary conditions are necessary in order to solve equations (1a-e). In the thermal escape problem, the atmospheric flow is usually sought with two conditions constraining the source density ρ 0 and temperature T 0 :
where r 0 is the planetary body radius or radius of the lower boundary of the considered part of the atmosphere, so that additional boundary conditions at the exit boundary are necessary (Hereinafter, the gas parameters at the source r = r 0 are denoted by the subscript '0'). A simple requirement of the finiteness of the atmosphere results in
but this condition does not guarantee a finite size of the dense atmosphere, where the gas flow occurs in the continuum flow regime.
In order to ensure that continuum flow gives way to transitional and then free molecular flow it is required that
where the Knudsen number Kn = l mfp /L is the ratio of the local mean free path of gas molecules l mfp and atmospheric scale height L.
In this paper, all calculations based on the hydrodynamic model are performed assuming that the VHS molecular model defines l mfp . Then the first approximation of the Chapmen-Enskog theory results in the equilibrium mean free path (Bird 1994) 
where μ = μ(T ) is given by equation (1e). In Section 10, the hydrodynamic simulations will be compared with kinetic simulations also performed based on the VHS model, thus providing an opportunity to compare both models using the same molecular model of the atmospheric gas. The atmospheric scale height L is usually defined as a characteristic length scale of the vertical density distribution: L = −ρ/ρ . The asymptotic behaviour of L varies in different parts of the atmosphere. In the dense atmosphere, density approximately follows the barometric equation, ρ ∼ exp[MG/( T r)], and L = H = T r 2 /(MG) , while in the rarefied exosphere, ρ ∼ 1/r 2 and L = r/2 (Volkov et al. 2011a ). Since equation (4) requires consideration of Kn at large r, the definition L = r is adopted in this paper.
Solutions of equations (1a-e) have no critical points. In order to prove this, one can rewrite these equations in the explicit form, i.e. resolving these equations with respect to highest derivatives u and T (Whang, Liu & Chang 1966; Summers 1976 ).
PA R K E R ' S M O D E L O F T H E R M A L E S C A P E
In this paper, the consideration of possible solutions of hydrodynamic equations is limited by the wind solutions (Parker 1964a,b) with monotonously increasing gas velocity, attaining a non-zero terminal value far from the source. This choice is dictated by the preliminary analysis of results of kinetic simulations (Volkov et al. 2011a (Volkov et al. ,b, 2013 , which predict solutions with qualitatively similar velocity distributions. On the contrary, the Chamberlain-type breeze solutions, although mathematically possible, do not agree with the results of kinetic simulations if the gravitational field is strong enough. The kinetic simulations predict the Chamberlaintype solutions only for a monatomic gas in a narrow range of source conditions, when the transition from blow-off to Jeans-like escape takes place (Volkov 2014) . Parker (1964a,b) made three basic assumptions, which allowed him to resolve the issue of missing boundary conditions. First, he considered flows which start at a source, where velocity u (r 0 ) = u 0 is much smaller than the isothermal sound speed √ T 0 , and then monotonously accelerate up to some asymptotic velocity u ∞ . Secondly, he assumed that the molecular viscosity plays marginal role in one-dimensional expansion and, thus, equations (1a-e) can be simplified by neglecting the viscous stresses and reduced to a system of two first-order equations:
Equations (6a, b) require four boundary conditions and three of them are already given by equations (2) and (3). In order to formulate an additional condition Parker assumed that the gas temperature should asymptotically drop to zero far from the source:
At r → ∞ : T (r) → 0.
Parker's assumptions drastically change the properties of equations (6a, b) as compared to the Navier-Stokes equations (1a-e). In particular, solutions of Parker's model can have a critical point where the denominator of the momentum equation (6a) is equal to zero, i.e. the gas velocity u is equal to the isothermal speed of sound √ T and the isothermal Mach number Ma = u/ √ T is equal to 1. The critical point of Parker's equations is different from the critical point of an isentropic model (Parker 1963 ) that can be obtained by neglecting simultaneously viscosity and conductivity in equations (1a-e). The critical point of the isentropic model coincides with the isentropic sound point, where u = √ γ T (Parker 1963 ;
is the isentropic expansion factor). Hereinafter, the position of the critical point of equations (6a, b), r c , and gas parameters at this critical point are denoted by the subscript 'c'.
If u → u ∞ > 0 and T → 0 at r → ∞, then any solution starting with Ma 0 < 1 attains supersonic velocity far from the source, i.e. it passes through the critical point. Then, according to equation (1a), for any such transonic solution ρ → 0 at r → ∞ and the boundary condition given by equation (3) is always satisfied. For such transonic solutions, the condition given by equation (3) should be replaced by a condition in the critical point. Assuming the continuity of distributions of gas parameters at r = r c , the numerator in equation ( 
so that the parameters of a transonic solution in the critical point are not independent. Thus, the thermal escape problem based on equations (6a, b) can be formulated as follows: for a neutral gas with given γ ≤ 5/3 and 1/2 ≤ ω ≤ 1 and at given r 0 , ρ 0 , T 0 and M, find a transonic solution of equations (6a, b) and (1a) with the boundary conditions given by equations (2) and (7) starting at the source with Ma 0 = u 0 / √ T 0 < 1 and passing through the critical point, where gas parameters satisfy equation (8). Hereinafter, this approach is called 'Parker's model of thermal escape'. The analytical study and numerical simulations suggest that solutions of Parker's model exist only in limited ranges of the source and critical point conditions, which depend on γ and ω. It is worth noting that in the solar wind literature, e.g. Roberts & Soward (1972) , the name 'Parker-type solutions' is used to denote a class of solutions for the problem formulated above with specific asymptotic behaviour at r → ∞. This class of solutions is specified in Section 4. Thus, for purposes of this paper, Parker's model may have solutions different from the Parker-type solutions.
One can note that neither of Parker's assumptions formulated above necessarily agrees with physical conditions at the surface of a planetary body and in its atmosphere. First, the surface velocity may not be small with respect to √ T 0 in a weak gravitational field specific, e.g. for comets and certain Kuiper belt objects. Moreover, atmospheres of a monatomic gas in a weak gravitational field can include a region, where gas velocity is a decreasing function of distance . Secondly, although the effect of the molecular viscosity in one-dimensional flow below the exobase is marginal, the effect of viscous energy dissipation in the overall energy balance in the exosphere is not small (Cui, Yelle & Volk 2008; Volkov et al. 2011a ). Finally, the assumption given by equation (7) contradicts the condition given by equation (4): if gas density drops to zero with increasing distance from the source, then continuum flow gradually gives way to free molecular flow, where temperature asymptotically approaches a non-zero terminal value, e.g. Volkov et al. (2011a) .
As it was mentioned in Section 1, this reasoning does not imply that equations (6a, b) cannot predict the atmospheric structure if the escape rates m and e are properly defined. In fact, in the case of sufficiently strong gravitational field, solutions of these equations below the exobase, defined as a point where l mpf = H , are in perfect agreement with results of kinetic simulations if m and e are the same in both models, e.g. Fig. 1 . It is remarkable that the hydrodynamic solution in Fig. 1 does not pass through the critical point, but nevertheless it is in agreement with the kinetic solution in the dense atmosphere. Although gas velocity in the hydrodynamic solution drops with increasingr above the exobase, this is a nonbreeze solution in Chamberlain's (1961) sense, since e > 0.
PA R K E R ' S M O D E L I N R E D U C E D U N I T S A N D A S Y M P TOT I C B E H AV I O U R O F I T S S O L U T I O N S FA R F RO M T H E S O U R C E
It is beneficial to study the properties of Parker's model in a dimensionless form, since it allows one to reduce the number of parameters governing solutions. For further analysis of Parker's model it is convenient to introduce dimensionless variables as ratios with respect to values of corresponding parameters in the critical point:
Then other dimensionless quantities can be calculated as follows:
where λ is the local Jeans parameter ,
is the Knudsen number in the critical point, and P r = c p μ 00 /κ 00 is the Prandtl number. Equations (6a, b) in reduced units can be rewritten as follows:
where the prime symbol now denotes derivatives with respect tor, and
are the Jeans parameter in the critical point, reduced mass escape rate per steradian, and reduced energy escape rate per particle. Equations (12a, b) require two initial conditions,
and two parameters ϕ m and e . In the critical point, the numerator in the right-hand side of equation (12a) is equal to zero and the initial value of derivative T is given by the equation
Then equation (12b) written in the critical point reduces to
At a fixed λ c , parameter ϕ m in equations (12) and (16) can be chosen in order to satisfy the condition given by equation (7), or, in reduced units,
Thus, there is only one free parameter, e.g. λ c , in the boundary value problem given by equations (12), (14), (16) and (17) for fixed γ and ω. Once the function ϕ m = ϕ m (λ c ) is found, the solutions of this problem in both down-and upstream directions from the critical point can be shown as a one-parameter family of curves on the plane, e.g. (T ,ū) or (1/λ, 1/ Kn). Such one-parametric families of solutions are shown in Fig. 4 and discussed below in Section 5.2. Roberts (1971) showed that in the case of the solar wind with ω = 5/2 the problem can be formulated in a form containing just one parameter instead of λ c , ϕ m and e . Here, this approach is used in the form suggested by Roberts & Soward (1972) and extended to the case of arbitrary ω = 1. For this purpose one can perform re-scaling of the dimensionless quantities in equation (9) as follows:
where
This form of equations is convenient in order to study the asymptotic properties of solutions, but is not really advantageous for the numerical solution of the problem, because the position of the critical point after re-scaling,r c = (λ c /ϕ m ) 1/(1−ω) /λ c , should be determined in the course of numerical integration.
For the solar wind equations with γ = 5/3 and ω = 5/2, a few types of asymptotic behaviour of solutions of equations (12) or (18) atr → ∞ realize depending on the value of E (Roberts & Soward 1972) . The detailed asymptotic analysis of Parker's model at arbitrary γ and ω is out of the scope of this work; however, the leading terms of two most important classes of asymptotic expansions can be established using an elementary approach.
The Parker-type solutions (Parker 1964b) correspond to the case, when e > 0 and the contribution of heat conduction to the energy escape rate does not vanish at infinity. Assuming thatr 2T ωT does not vanish atr → ∞ and taking into account that the flow velocity is limited by the energy conservation law, one can easily predict thatū andT asymptotically vary as
Then the asymptotical behaviour of other quantities follows from equations (9) and (10):
The Durney-type solutions (Durney 1971) correspond to the case, when e > 0, but the contribution of heat conduction to the energy escape rate vanishes at infinity. By inserting expansions in the formū 12a, b) and picking coefficients at smallest degrees of 1/r, one can find that
Here it is assumed that ω ≤ 1 and, thus, γ − 2ω(γ − 1) > 0. These equations show that conditions given by equations (3) and (4) are satisfied for both the Parker-and Durney-type solutions. The difference between these types of solutions is in the asymptotic behaviour of the local Jeans parameter, which becomes infinitely large for the Durney-type solutions at γ > 3/2, e.g. for a monatomic gas. In this case, since the Jeans parameter can be represented in the
2 , where v e = √ 2GM/r is the local escape velocity and c = √ 2 T is the local thermal velocity of gas molecules, the escape is possible due to the organized outflow with the bulk velocity u, since v 2 e / u 2 = 2λ/Ma 2 ∼ 1/r → 0. Roberts & Soward (1972) found that, for the solar wind equations with γ = 5/3 and ω = 5/2, the Parker-type solutions realize at E 1, while the Durney-type solutions are characteristic for E ∼ 1 and E 1 with the boundary between these solution types roughly at E = 60/2 2/3 (factor 1/2 2/3 appears here because the definition of E in equation (19) is different from the definition adopted by Roberts & Soward (1972) by the same factor). In the vicinity of E = 60/2 2/3 another type of solutions is possible, which was discovered by Whang and Chang (1965) . This class of solutions is not discussed here since simple analysis shows that the Whang-Changtype solutions can formally exist only if ω is a rational number and, if they exist, the effect of gravity can be accounted for only in higher terms of the asymptotic expansions. In these conditions, convergence of the series expansions can be problematic. Finally, the case of e = 0 (and, thus, E = 0) corresponds to Chamberlain's (1961) subsonic breeze solutions. Roberts & Soward (1972) also found an additional type of supersonic solutions with E 1, which co-exist with the breeze solutions in a certain region on the plane (T , ρ). Freeman and Johnson (1972) have shown that at ω > 1 this last type of supersonic solutions is specific only for a monatomic gas.
N U M E R I C A L S T U DY O F PA R K E R ' S M O D E L
The majority of approaches to numerical solution of Parker's model is based on an unsteady or quasi-steady-state form of this model (e.g. Yelle 2004; Erwin et al. 2013; Koskinen et al. 2013; Zhu et al. 2014 ). It allows one to avoid issues with the uncertainty in the right-hand side of equation (12a) at the critical point (Murray-Clay et al. 2009 ). In this paper, the numerical solutions are obtained with a method based on the purely steady-state form of Parker's model, equations (12a, b) , (Volkov 2015) .
According to the analysis presented in Section 4, it is quite natural to solve the thermal escape problem for the source conditions given by equation (2) in two steps: first, by solving equations (12a, b) in the downstream direction from the critical point (atr > 1) and finding ϕ m = ϕ m (λ c ); and, second, by solving the same equations in the upstream direction (atr < 1) and finding such λ c that the corresponding solution passes through a given point (T 0 , ρ 0 ) on the plane (T , ρ). Such approach was implemented by Durney & Roberts (1971) and is similar to the approach recently developed by Erkaev et al. (2015) to solve the thermal escape problem for atmospheres without heat conduction, but with external heating.
In order to start integration of equations (12a, b) from the critical point at fixed λ c , one also needs to knowū (1), because equation (12a) has an uncertainty in the critical point and cannot be used in order to calculateū (1). The value ofū (1) can be found by applying L'Hopitale's rule to the right-hand side of equation (12a) which results in
where T (1) can be calculated with equation (12b):
The quadratic equation (22) has two roots, one of which corresponds to u (1) > 0 and another -to u (1) < 0. Choosing the former, one can find that
Numerical calculations were performed for mon-(ζ = 0, γ = 5/3) and diatomic (ζ = 2, γ = 7/5) gases with the viscosity indices ω = 0.5, ω = 0.75, ω = 0.95 and ω = 1. The Knudsen number was calculated assuming that P r is equal to 2/3, which is the accurate value for a monatomic gas in the first approximation of the Chapmen-Enskog theory (Bird 1994) . For a diatomic gas, P r depends on the adopted model of energy exchange between rotational and translational degrees of freedom of gas molecules. Experimental values of P r for multiple diatomic gases, however, are only marginally different from 2/3 (Hirschfelder et al. 1954) .
It is known that numerical integration of equations (12a, b) in the limits of small and larger is difficult because of numerical instabilities (Chamberlain 1995) . In this paper, in order to obtain accurate solutions, the integration was performed with the RungeKutta method of the fourth order and variable integration step size equal to r = r 1r atr < 1 and r = r 2r 1/4 atr > 1 where r 1 = 10 −7 and r 2 = 10 −9 −10 −4 . The integration in the downstream direction was performed up tor = 10 3 . The integration in the upstream direction was performed until a point where either r = 10 −16 or Kn = 10 −31 , whichever occurs first. The bisection method was used for the iterative search of various parameters.
Downstream step
At the downstream step, equations (12a, b) are solved in the downstream direction,r > 1, with the initial conditions given by equation (14) for a fixed λ c . These equations are solved iteratively for various ϕ m , until such ϕ m is found that the distribution of temperature satisfies the condition given by equation (17) . By repeating this iterative procedure for various λ c , the dependence ϕ m = ϕ m (λ c ) is defined numerically. This dependence is the major result of calculations at the downstream step, while e = e (λ c ) and E = E(λ c ) are simply defined by equations (16) (Fig. 2) . The value of λ c(min) depends only on ω and ϕ m , E → 0, while Kn c , e → ∞ when λ c → λ c(min) . Parker (1964b) has shown that in this case gas temperature remains bounded and non-zero at any fixedr > 0 and, thus, Kn(r) → ∞ together with Kn c . The limit state, when λ c = λ c(min) and Kn is large everywhere, can be called the low-density (LD) approximation following Parker (1964b) . The flow in the LD approximation, which is considered below in Section 6, is dominated by the effects of heat conduction.
The upper limit λ c(max) primarily depends on γ with λ c(max) ≈ 2.88 for a diatomic gas. For a monatomic gas, however, three characteristic values of λ c(max) were obtained. In the specific cases of ω = 1 and ω = 1/2, values of λ c(max) are found to be equal to 3 and ∼3.046, while at 1/2 < ω < 1, the numerical values of λ c(max) differ from ∼3.0485 only in higher digits. The fact that λ c is locked in a narrow range was recognized by Chamberlain (1995) for the solar corona. This study reveals the same type of behaviour of the critical point parameters for the neutral gas flows, but also shows that the limit values λ c(min) and λ c(max) depend on parameters γ and ω of the molecular model.
The behaviour of ϕ m , E and Kn c is different in the cases of monand diatomic gases. For a diatomic gas, ϕ m rises without bound at λ c → λ c(max) and, correspondingly, Kn c → 0 and E → ∞, while e → γ /(γ − 1) + 1/2 − λ c(max) ≈ 1.12. For a monatomic gas, the results of numerical integration support the hypothesis that ϕ m , E, Kn c and e remain bounded at λ c → λ c (max) . In particular, ϕ m → 2, Kn c → K/2 and e → 1/2 as λ c → λ c(max) = 3 at ω = 1. For both mon-and diatomic gases, the limit state corresponding to λ c → λ c(max) is a state where the Knudsen number is large (or infinitely large for a diatomic gas) everywhere below the critical point. This limit state is further called the criticalpoint high-density (CPHD) approximation as a case more restricted than the HD approximation introduced by Parker (1964b) . The flow in the CPHD approximation, which is considered below in Section 7.1, is dominated by the effects of adiabatic expansion.
As it is shown in Fig. 2(c) , in the case of a neutral gas with ω < 1, parameter E increases as λ c → λ c(max) . This behaviour is drastically different from the behaviour of E in the solar wind flows with ω = 5/2, where E → 0 with λ c approaching λ c(max) (Roberts and Soward 1972) , and, thus, the Parker-type solutions give way to the Durney-type solutions, which, in turn, approach the envelope of the domain with E = 0, where either only the breeze solutions exist or the breeze solutions co-exist with the third type of the wind solutions specific for a monatomic gas. In the case of a neutral gas with ω ≤ 1, numerical calculations showed that e approaches a finite value (and E increases at ω < 1) when λ c → λ c(max) and, thus, no breeze solutions with e = 0 are expected at λ c → λ c(max) . Here, however, an important note on the accuracy of numerical calculations should be made. When λ c approaches λ c(max) , the calculations become progressively difficult, and retaining the accuracy of calculations requires decreasing parameter r 2 , which defines the integration step size, from 10 −4 (which was used everywhere with exception of a close vicinity of λ c(max) ) down to 10 −8 − 10 −9 . In spite of efforts to estimate the value of λ c(max) as accurately as possible, one can hypothesize that the obtained λ c(max) for a monatomic gas is somewhat underestimated at ω < 1. If this is the case, then the accurate λ c(max) can correspond to a finite ϕ m , but zero values of e and E. This possibility is illustrated in Fig. 3 , where the solid curves for ϕ m (λ c ), taken from Fig. 2(a) , are shown together with the dash-dotted curve for ϕ m * = (λ c − 2)/(λ c − 3), corresponding to e = 0 in a monatomic gas, and dashed curves, demonstrating the hypothetical behaviour of ϕ m (λ c ). Then the breeze solutions can presumably exist at λ c → λ * . The method of numerical integration of equations (12a, b) adopted in this work does not allow to validate this hypothesis. It is fortunate that, as explained in Section 5.3, for thermal escape of a neutral gas, the breeze solutions, even if they exist, can appear only at relatively small source Jeans parameters and cannot appear in the most important case, when the gravitational field is strong enough and atmosphere is tightly bound to the gravity source. For a diatomic gas, according to this analysis, the state with e = 0 is not accessible at λ c → λ c(max) .
Upstream step
At the upstream step, equations (12a, b) are solved with the initial conditions given by equation (14) in the upstream direction,r < 1, for a fixed λ c and ϕ m (λ c ) defined at the previous downstream step. Based on the given values of r 0 , ρ 0 and T 0 one can calculate the source Jeans parameter and Knudsen number multiple solutions exist at λ 0 ≈ λ c(min) (Roberts & Soward 1972 ; Although the definition of constant K in equation (11) is not valid for fully ionized plasma with ω = 5/2, it can be modified, so that the Knudsen number in the critical point can be still represented in the form Kn c = K/ϕ m ). In this paper, in order to establish the domains of existence of solutions of Parker's model in terms of λ 0 and Kn 0 , the properties of upstream solutions are studied on the plane (1/λ, 1/Kn). This choice of variables is convenient for applications, since 1/λ and 1/Kn can be considered as scaled temperature and density. By fixing a point in this plane, corresponding to given λ 0 and Kn 0 , and by drawing a solution passing through this point, one can see how λ and Kn vary from the source towards the critical point. An intersection of curves in a given point (1/λ 0 , 1/Kn 0 ) then means that the solution of Parker's model for these source conditions is not unique.
The upstream solutions for mon-and diatomic gases at ω = 1 and ω = 1/2 are shown by solid and dash-dotted curves in Fig. 4 . Families of solutions calculated at ω = 0.95 and ω = 3/4 are qualitatively similar to those shown for ω = 1/2, so that it is likely that the group properties of solutions for all ω < 1 are identical, but are different from those for ω = 1. A specific feature of Parker's model at ω < 1 is a non-monotonous distribution of λ. All solutions in Fig. 4 are terminated by points on dashed curves that correspond to the critical point values (1/λ c , 1/ Kn c ) calculated based on data from Fig. 2(a) and equation (11) . To the right of these dashed curves the transonic solutions of Parker's model do not exist. The dashdotted curves correspond to upstream solutions calculated for the numerically determined λ c(max) . In Fig. 4(a, c, d ), a unique solution of Parker's model exist for any λ 0 and Kn 0 , which correspond to points on the plane (1/λ, 1/Kn) in the domain bounded from the right by dashed and dash-dotted curves. Although solutions in Fig. 4(a, c, d ) are shown only for Kn ≥ 10 −14 , the corresponding solutions were numerically extended until at least Kn = 10 −30 .
Thus, opposite to the fully ionized plasma, where transonic solutions at a fixed λ 0 exist only in a limited range of Kn 0 , solutions of Parker's model for a neutral gas can exist at all Kn 0 of interest for planetary science applications. This conclusion is confirmed by the theoretical analysis of Parker's model performed below in Section 7.2. In the case of a HS monatomic gas, solutions of Parker' model with λ c >∼ 2.948 approach a vertical asymptote that corresponds to λ = 5/2. It means that the solutions exist for λ 0 < λ c(min) and λ c (min) is not the minimum possible λ 0 that ensures the existence of transonic solutions. Minimum possible source Jeans parameter λ 0(min) in the limit Kn 0 → 0 is found to be equal to λ 0(min) = γ /(γ − 1) at all considered γ and ω with exception of the case γ = 5/3 and ω = 1, where λ 0(min) = λ c(max) = 3. The last result is in agreement with the numerical analysis by Erkaev et al. (2015) of the hydrodynamic model for a non-conducting gas with atmospheric heating. The specific feature of a monatomic gas at ω < 1 is the existence of a domain, where curves corresponding to individual solutions intersect each other, Fig. 4(b) . In the region of intersection, multiple solutions exist for given λ 0 and Kn 0 .
Parker (1964a) formulated a dynamical theorem that reads that a solution with monotonously increasing gas velocity exists if temperature asymptotically, at large r, varies slower than 1/r. The idea of this theorem is obvious from the structure of numerator in equation (6a): Since u 2 − T > 0 above the critical point, the condition u > 0 is satisfied if 2T /r − T − λ c /r 2 > 0. The latter is valid at r → ∞ only if T ∼ 1/r α with α < 1. Parker (1964b) proved that the condition of this dynamical theorem is satisfied for a monatomic gas in the LD and low-temperature approximations. Obviously, the condition of Parker's dynamic theorem is violated for the Durneytype solutions, equation (21a), in the case of a monatomic gas when 2 (γ − 1) = 4/3. The numerical study reveals the existence of solutions for a monatomic gas at ω < 1 with both non-monotonous and monotonously decreasing distributions of gas velocity (Fig. 5) . In this case, if λ c is sufficiently close to λ c(max) , then the value of U 1 given by equation (24) is negative and gas velocity becomes a monotonously decreasing function of distance. The Mach number Ma, however, increases withr in all numerical solutions of Parker's model obtained in this work.
On the description of blow-off with Parker's model
Blow-off is usually defined as a rapid atmospheric outflow with supersonic bulk velocity at the exobase. For Parker's model, the position of the exobase and values of gas parameters at the exobase in reduced units are unique defined by λ c , since solutions compose a one-parameter family. It was found numerically that the exobase Mach number becomes larger than 1 if λ c is larger than a certain value, which depends on γ and ω, but in all considered cases it is found to be close to λ c (max) . It means that the domains to the left of dashed/dash-dotted curves in Fig. 4 include solutions corresponding to blow-off. For all such solutions, the exobase and critical points are close to each other and the local Jeans parameter is a weak function ofr (Fig. 4) , so that such blow-off solutions are possible only when λ 0 varies somewhere between λ c(max) and λ 0(min) . Thus, Parker's model can have the blow-off solutions, but all such solutions are close to the dash-dotted curves in Fig. 4 .
According to results shown in Fig. 4 , Parker's model does not have transonic solutions in the domains to the right of dashed/dashdotted curves. These domains, however, can be only roughly associated with domains, where surface conditions enable blow-off. (67) and define the boundaries between the LD (to the bottom from the curves) and HD (to the top from the curves) regimes of thermal escape.
(2011b, 2013) and Volkov (2014) predict that the transition from blow-off to Jeans-like (slow hydrodynamic) escape occurs gradually when λ 0 increases from 2γ to γ /(γ − 1), where the upper boundary of this range agrees with the lower boundary of the domain of existence of solutions of Parker's model λ 0(min) at small Kn 0 . For a monatomic gas, however, predictions of hydrodynamic models on the transition to blow-off are inaccurate. In the kinetic simulations, the transition from blow-off to Jeans-like escape in a monatomic gas occurs in a narrow range of λ 0 about λ 0 = ∼2.1 (Volkov et al. 2011b) , while the hydrodynamic simulations predict the Jeans-like escape at λ 0 > 3 in a Maxwell gas or at λ 0 > 2.5 in a non-Maxwell gas or in a non-conducting gas, where escape is driven by external heating (Erkaev et al. 2015) . The disagreement between the kinetic and hydrodynamic simulations is caused by the presence of the non-equilibrium Knudsen layer at the source under conditions of blow-off, which is not accounted for in the hydrodynamic models, and non-existence of transonic solutions of the isentropic model for a monatomic gas Volkov 2014) , which was revealed by Parker (1963) . Thus, the simple condition λ 0 < γ /(γ − 1) can be considered only as a rough criterion of blow-off.
It worth noting that transonic solutions in the domains to the right of dashed/dash-dotted curves in Fig. 4 , e.g. at arbitrarily small λ 0 can be obtained with hydrodynamic models, but such models are distinct from Parker's one. In particular, for a diatomic gas, transonic solutions can be obtained at 2γ < λ 0 < γ /(γ − 1) with the isentropic model, neglecting heat conduction (Parker 1963; . At small λ 0 <∼ 2, the hydrodynamic equations with heat conduction can be also solved numerically based on the unsteady analog of equations (6a, b) with no boundary conditions at the exit supersonic boundary (Fletcher 1991; Tian et al. 2005b; ). These solutions, however, cannot satisfy the condition of vanishing temperature far from the source. The numerical simulations performed in this work based on equations (6a, b) showed that at λ c < λ c(min) the solutions with monotonously increasing velocity exist, but temperature in this case approaches a non-zero terminal value far from the source.
L D A P P ROX I M AT I O N
The purpose of this section is to algebraically obtain a solution of Parker's model below the critical point in the case of the LD approximation when λ c = λ c(min) . This discussion is complimentary to the discussion of such limit solution by Parker (1964b) . In the LD approximation, the Knudsen number is large in the critical point and, according to equation ( 
Numerical simulations based on Parker's model show that λ c(min) is the minimum value of the critical Jeans parameter for which Parker's model has solutions at given ω. The value of λ c(min) predicted by equation (26) 
The gas velocity then should satisfy the equation
By applying L'Hopitale's rule to this equation atr = 1, one can find that This quantity is equal to ≈0.521 at ω = 1/2 and ≈0.675 at ω = 1. Ifr 1, then the term withū 2 in the right-hand side of equation (28) can be neglected, and the solution of this equation reads
where V 0 (ω) is given by the condition that equation (30) matches the accurate solutionū(r) of equation (28) far upstream of the critical point, i.e.
Values of V 0 (ω), calculated based on numerical solutions of equation (28) for various ω, are shown by symbols in Fig. 6 . For practical purpose, they can be fitted by the power law
which is shown in Fig. 6 by the curve. In order to increase the accuracy of the solution given by equation (30) in the critical point one can use the method of successive approximation, but the resulting solution is impractical, because it requires numerical evaluation of multiple integrals. Another approach can be based on the observation that the derivative of solution in the form of equation (30) (14) and (29) in the critical point. Then the final form of the approximate solution of equation (28) uniformly accurate for arbitraryr ≤ 1 can be obtained by combining both efficients and takes the form
The accuracy of this approximation, which is valid only below the critical point, can be assessed from Fig. 7(a) , where the solution given by equation (33) (43), (46) and (57). Parker (1964b) introduced an HD approximation as a case when the source density is high, which in terms of this work means small Kn 0 . Formally, this approximation is obtained by neglecting the velocity term in equation (6b). The relevance of this approximation to planetary atmospheres was revealed by McNutt (1989) and Hubbard et al. (1990) , and then used in multiple studies of thermal escape, e.g. Strobel (2008b) . The detailed consideration of this approximation, which in the thermal escape literature is often associated with slow hydrodynamic escape (Johnson 2010) , is out of the scope of this paper, however, some correlations between this model and full Parker's model are discussed in Section 9.3. Instead of Parker's HD approximation, two more restrictive cases are considered below. In Section 7.1, a critical-point HD (CPHD) approximation is analysed, when the Knudsen number is small everywhere between the source and critical point. The consideration of this limit case allows one to determine the upper limit of the Jeans parameter in the critical point λ c(max) . Another limit approximation, a zero-point HD (ZPHD) approximation, valid for the case whenr → 0 is considered in Section 7.2. This limit solution is capable of describing the flow properties near the source in the limit of small Kn 0 .
H D A P P ROX I M AT I O N S

CPHD approximation
In this section, an approximate solution of Parker's model in the case, when both Kn 0 and Kn c are small and, according to equation (11), ϕ m is large, is considered. If ϕ m increases, then the heat conduction term in equation (12b) becomes progressively small compared to terms in the right-hand side of this equation, and the effect of thermal conductivity appears to be less important. In the limit ϕ m → ∞, equation (12b) degenerates into the energy equation of the isentropic model (Parker 1963 ). The isentropic model, however, has a critical point atr =r * > 1 where the isentropic Mach number is equal to 1, i.e. Ma = √ γ , and λ = 2γ , which is different from the critical point of Parker's model. Due to the difference in positions of the critical points, Parker's model can degenerate into the isentropic model for finiter at ϕ m → ∞ only if there is a solution of the isentropic model that describes gradual acceleration of the flow from pointr = 1 to pointr =r * and then to the supersonic flow. Parker (1963) showed that such isentropic transonic solution exists only for polyatomic gases with γ < 5/3 and does not exist for a monatomic gas with γ = 5/3. When γ approaches 5/3 from below, the adiabatic critical point moves to infinity with respect to the isentropic critical point, so that the 
The ratio e / cc calculated as a function of λ c exhibits quite different behaviour for mon-and diatomic gases (Fig. 8) . For a diatomic gas, e / cc rapidly increases with λ c , which indicates small effect of heat conduction when λ c is close to λ c(max) . For a monatomic gas, e / cc remains close to 1 in a broad range of λ c , and then drops when λ c approaches λ c(max) , indicating a strong effect of heat conduction in the critical point at all λ c .
Assuming that Parker's model degenerates at λ c → λ c(max) and ϕ m → ∞ into the isentropic model for finiter, one can rewrite equation (12b) in this limit as
This equation can be supplemented by equation (1a) rewritten in the form
and the equation of constant entropȳ which can be obtained by integrating equations (12a) and (35a, b). Equation (35c) can be used in order to exclude density and find the equation for temperature in terms of the distance and Mach number,
and then to evaluater as a function of λ and Ma:
Finally, by inserting equations (36) and (37) into equation (35a) one can find an equation, which determines the distribution of the Mach number in the isentropic model:
The value of λ c(max) can now be found based on the condition that solution of equations (37) and (38) is a critical (transonic) solution of the isentropic model, i.e. the solution passing through the point where Ma = √ γ and λ = 2γ :
The solutions of this equation, λ c(max) = λ c(max) (γ ), obtained numerically with the Newton-Raphson method are shown in Fig. 9 . At 1 < γ ≤ 5/3, this equation has two roots and Fig. 9 shows only the largest root for every γ . It is interesting that at γ <∼ 1.19 λ c(max) is smaller than λ c(min) given by equation (26). It indicates that one can expect some peculiarities in the degeneration of Parker's model in the limit ϕ m → ∞ when γ approaches 1. This case, when the atmosphere is nearly isothermal, however, is out of the scope of this study. For a diatomic gas with γ = 7/5, the root of equation (39) model is close to the solution of the isentropic model obtained based on equations (35a-c) (Fig. 10) . For a monatomic gas, the isentropic model does not have transonic solutions, so that the continuous isentropic acceleration of the gas from the isothermal sonic point at r = 1 to the isentropic sonic point atr =r * > 1 is not possible. In this case, it is plausible to assume that the limit state corresponding to ϕ m → ∞ cannot be attained and ϕ m → ϕ m(max) < ∞ when λ c → λ c (max) . As a consequence, the effect of thermal conductivity does not vanish at the critical point when λ c → λ c(max) , so that λ c (max) and ϕ m(max) depend on both γ and ω. This hypothesis agrees with results of numerical simulations.
In the particular case of a monatomic gas with ω = 1, the limit solution can be easily established. Equation (39) predicts that λ c(max) → 3 when γ → 5/3 (Fig. 8) . One can check that U 1 = 0 and 1 = 1 for λ c = 3 and ϕ m = 2 according to equations (15) and (24) Fig. 4(a) , however, is not a solution of the isentropic model, where, according to equations (35b, c),T = 1/r 2(γ −1) if u = 1. Numerical calculations showed that solutions of Parker's model exist for λ c < 3 and do not exist at λ c > 3, so that λ c(max) = 3 and ϕ m(max) = 2 at ω = 1. Thus, the limit CPHD solutions of Parker's model for a diatomic gas are given by the isentropic model, equations (35a-c). For a monatomic gas with ω = 1 the limit CPHD solution is nonisentropic and given by equation (40). For a monatomic gas with ω < 1, the CPHD solutions, λ c(max) and ϕ m(max) are found numerically as described in Section 5.1.
ZPHD approximation
The goal of this section is to find solutions corresponding to the ZPHD approximation of Parker's model, which is introduced in order to describe the case whenr → 0 at arbitrary critical Jeans parameter, λ c(min) < λ c < λ c(max) , and, thus, at finite ϕ m , e and Kn c . From the physical standpoint, this approximation corresponds to conditions when the critical point is far from the source and Kn 0 is sufficiently small orT 0 is sufficiently large, since, as it is shown below, Kn approaches 0 and temperature rises without bound when r → 0.
In order to investigate the form of solutions in a vicinity of r = 0 one can make a guess that velocity and temperature vary asū = Wr β andT = C/r α , where W , C, α and β are unknown parameters and exponents α and β are not necessarily positive. After inserting these guess functions into equations (12a, b) one can find that
The further analysis is based on the assumption that the second term in the right-hand side of equation (41b) (41b) atr → 0 is either zero or negative and drops without bound, while the right-hand side is positive and finite. The case α ≤ 0 is also not possible, because in this case the right-hand side rises without bound, but the left-hand side drops to zero. The case 0 < α < 1 would be possible only if the term in the left-hand side and third term in the right-hand side would counterbalance each other, but it means that 1 − αω = α − 1 which results in α = 2/(ω + 1) ≥ 1 for a neutral gas. Thus, equation (41b) holds atr = 0 only in the case when α = 1 and temperature is inversely proportional to distance. Then, sinceT = λ c /(λr), one can see that C = λ c /λ 0(lim) , where
is the finite Jeans parameter in limit of the ZPHD approximation and the temperature distribution in this approximation can be written as
This analysis shows that the energy escape rate is essentially irrelevant for the ZPHD approximation. Now the Mach number can be finite atr = 0 only if 2β + 1 ≥ 0. If 2β + 1 = 0, then equations (41a, b) atr = 0 can be written as follows
where η(ω) is equal to 1 if ω = 1 and equal to 0 if ω < 1. At ω = 1 these equations have the only solution C = 0 and W = √ 2λ c , which corresponds to the limit of infinitely large λ 0(lim) . At ω < 1 these equations have a solution W = λ c (2 − 5/λ 0(lim) ) only at γ = 5/3 and λ 0(lim) ≥ 5/2. In the case, when 2β + 1 > 0 and the Mach number is zero atr = 0, equations (41a, b) reduce to
and the velocity distribution in the ZPHD approximation takes the form
The corresponding distributions of the Mach and Knudsen number in the ZPHD approximation then can be found by inserting equations (43) and (46) into equation (10):
and
The solution given by equations (45-47) and derived at β > −1/2 cannot be applied for γ = 5/3 and ω < 1, when equation (45) reduces to β = −1/2. The further details of the ZPHD approximation, therefore, are different depending on γ and ω.
In the case of a monatomic Maxwell gas (γ = 5/3 and ω = 1), the temperature and velocity in the ZPHD approximation follow equations (43) and (46), where the relationship between λ 0(lim) and λ c follows from equation (45b):
or
since the second root of equation (48) is negative. Value of λ 0(lim) varies from 3 at λ c = λ c(max) = 3 to infinity at λ c = λ c(min) and, thus, velocity in equation (46) is either a monotonously increasing function ofr or constant if λ 0(lim) = λ c(max) = 3. In the last case the ZPHD and CPHD approximations coincide with each other and equation (40) is valid untilr = 0. Both Ma and Kn drop to zero atr → 0 and, moreover, they are proportional to each other:
The case of a diatomic Maxwell gas (γ = 7/5 and ω = 1) is different from the previous case only by the range of variation of λ 0(lim) , which varies from γ /(γ − 1) = 7/2 at λ c = λ c(max) (in this case ϕ m → ∞) to infinity at λ c = λ c(min) .
In the case of a monatomic non-Maxwell gas (γ = 5/3 and ω < 1) β = −1/2 and λ 0(lim) ≥ γ /(γ − 1). Then according to equation (46) the gas velocity rises without bound atr → 0 and the whole distribution of gas velocity between the source and critical point can be non-monotonous in agreement with numerical results shown in Fig. 5 . The Mach number is finite and Knudsen number is a weak function ofr:
so that
The obtained solution in this case does not predict the relationship between λ 0(lim) and λ c . The numerical results shown in Fig. 4(b) , however, demonstrate that λ 0(lim) actually depends on λ c , but only when λ c is close to λ c(max) . Such solutions exist in the region where solutions of Parker's model for given λ 0 and Kn 0 are not unique.
Once λ c becomes sufficiently small, all solutions with decreasingr and Kn approach the same value λ 0(lim) = γ /(γ − 1) = 5/2. In the case of a diatomic non-Maxwell gas (γ = 7/5 and ω < 1) equation (45b) predicts that λ 0(lim) = γ /(γ − 1) = 7/2 independently on λ c and, thus, β = 1/2. This result is in accurate agreement with the picture of upstream solutions shown in Fig. 4(d) . According to equations (46) and (47) the Mach number and Knudsen number drop to zero atr → 0:
so that Ma/Kn is given again by equation (51d). It is instructive to compare the obtained solutions in the ZPHD approximation with the well-known 'adiabatic lapse rate' approximation (Houghton 1986) which can be obtained as a solution of equations (1b, c) assuming hydrostatic equilibrium, no thermal conductivity, and negligible energy escape rate in the form
wherep = p/(ρ c T c ) is the gas pressure in reduced units. In the ZPHD approximation, pressure is given by the equation
As one can see, in the case of a non-Maxwell gas the temperature and pressure distributions in the 'adiabatic lapse rate' approximation become identical to those of the ZPHD approximation atr → 0, when the second term in equation (53a) dominates the temperature distribution and the factor in square brackets in equation (53b) becomes constant. In the case of a Maxwell gas the temperature and pressure in the ZPHD approximation are different from those in the 'adiabatic lapse rate' approximation, since the contribution of the heat conduction term in the left-hand side of equation (41b) does not vanish atr = 0. In a diatomic Maxwell gas, the difference between the 'adiabatic lapse rate' and ZPHD approximations, however, vanishes as λ c → λ c(max) and Parker's model degenerates into the isentropic model.
The obtained ZPHD approximation is in agreement with numerical results shown in Fig. 4 as well distributions of the Knudsen number and Jeans parameter shown in Fig. 11 and discussed in Section 8. It also confirms that any solution shown in Fig. 4 can be extended to arbitrarily small Kn and, thus, there is no place for Chamberlain's (1961) breeze solutions in the domain to the left of combined dashed/dash-dotted curves, bounding the domain of existence of solutions of Parker's model in Fig. 4 .
One drawback of the proposed analysis is that it does not allow one to determine the efficient W in equation (46), so that the actual distribution of velocity remains unknown. The value of W is a strong function of λ c (or λ 0(lim) at ω = 1). Hypothetically, W can be determined by matching of asymptotic expansions obtained at the zero and critical points; however, this asymptotical analysis is left for future investigation.
At ω < 1 the value of W can be found assuming that equations (53b) and (54) are identical atr = 0. Then
At ω = 1, values of W were determined only numerically by matching the velocity in the ZPHD approximation to numerical solutions of Parkers' model as follows
It was found that the numerical values of W can be fitted by the equation
where W 0 ≈ 0.27 at γ = 5/3 and W 0 ≈ 0.26 at γ = 7/5. The degree of approximation of the upstream temperature and velocity distributions with equations (43), (46) and (57) is illustrated in Fig. 7(b) . It is fortunate that the ratio Ma/Kn does not depend on W . This fact allows one to straightforwardly calculate the mass loss rate based on equations (50) and (51d) as it will be demonstrated in Section 9.2. 
T R A N S I T I O N F RO M T H E L D TO Z P H D A P P ROX I M AT I O N A L O N G I N D I V I D UA L S O L U T I O N S O F PA R K E R ' S M O D E L . L D A N D H D R E G I M E S O F T H E R M A L E S C A P E
Although the LD approximation was introduced as a specific case when λ c = λ c(min) , the numerical calculations showed that at λ c > λ c(min) actual solutions can closely follow the LD approximation in some vicinity of the critical point. Owing to this fact, typical solutions at λ c(min) < λ c < λ c(max) with decreasingr exhibit the transition from the LD to ZPHD approximation as shown for temperature, local Jeans parameter and Knudsen number in Figs 11 and 12. Close to the critical point, the temperature follows the LD approximation, equation (27), which is shown in Figs 11(a,b) and 12 by dashed lines. The domain of the LD approximation, however, disappears when λ c approaches λ c (max) and Kn c becomes small. Close tor = 0, the temperature follows the ZPHD approximation, equation (43), and the Jeans parameter approaches constant value λ 0(lim) . The gas velocity, which distributions are qualitatively similar to distributions of the Knudsen number shown in Fig. 11(c,  d) , demonstrates the similar behaviour: velocity exhibits very fast, 'exponential' decay with decreasingr near the critical point in accordance with equation (30), but follows the power law given by equation (46) nearr = 0. The distributions of gas parameters for a monatomic gas are qualitatively similar to the distributions for a diatomic gas shown in Figs 11 and 12. It is worth noting that the gas temperature and velocity can follow the LD approximation even if Kn becomes very low. For instance, in Fig. 11 , the LD approximation remains valid if Kn is as small as 10 −25 for solutions obtained at λ c ≤ 2.500995 and ω = 1 as well as at λ c ≤ 2.66739 and ω = 1/2. Thus, the LD approximation, which was obtained based on the assumption that Kn is large everywhere, actually has much broader range of applicability. It can be valid even if the local Knudsen number is small, but the Jeans parameter is sufficiently large. The critical Knudsen number, however, should be always large for the validity of the LD approximation. Thus, one can introduce two major regimes of thermal escape predicted by Parker's model, namely, the LD regime, when the flow between the source and the critical point is dominated by viscous dissipation and distributions of gas parameters closely follow the LD approximation, and the HD regime, when the flow near the source follows the ZPHD approximation. The existence of two major regimes has important consequence for the predictive power of Parker's model: Volkov (2015) has shown (see also Section 9) that Parker's model substantially underestimates the escape rate if λ 0 and Kn 0 correspond to the LD regime.
The transition from the LD to ZPHD approximation is qualitatively different, however, at ω = 1 and at ω < 1. At ω = 1, the distributions of λ are monotonous, the length of the transitional region (in a logarithmic scale ofr) is short, λ 0(min) varies with λ c and becomes infinite when λ c approaches λ c(min) (Fig. 11a ). At ω < 1, the distributions of λ are non-monotonous and λ approaches the same value λ 0(lim) = 7/2 independently of λ c (Fig. 11b) . Thus, the distributions of Jeans parameter at ω < 1 do not agree with the common expectation that in escaping atmospheres without heating λ(r) is a monotonously decreasing function. In this case, the length of the transitional region can be so long that the ZPHD solution given by equations (43) and (46) is out of practical interest. These results are in agreement with the theoretical analysis of the ZPHD approximation undertaken in Section 7.2.
Owing to the very strong and non-power decay of Kn near the critical point, the distributions of flow parameters versus Kn look differently from distributions of the same parameters versusr. The results shown in Fig. 4 demonstrate that the ZPHD solution given by equations (43) and (46) is of marginal importance for simulations of atmospheric flows at ω < 1, since the limit value of λ 0 , corresponding to the vertical asymptotes in Fig. 4 , is small and achieved at such small Kn 0 , which are out of practical interest. For instance, at ω < 1 the ZPHD approximation is not applicable if Kn 0 > 10
with exception of the case when λ 0 is close to γ /(γ − 1).
S O L U T I O N S I N T E R M S O F S O U R C E PA R A M E T E R S
Flow structure
Typical variation of the flow field with variation of the source parameters is illustrated in Fig. 13 . At Kn 0 = 10 −10 and for the range of r/r 0 shown in the figure, the case of λ 0 = 5 corresponds to the HD regime, so that temperature and velocity closely follow the power laws given by equations (43) and (46). The case of λ 0 = 30 corresponds to the LD regime (in spite of the fact that Kn 0 is small), and temperature and velocity follow equations (27) and (30), which predict, in particular, essentially non-power increase of the gas velocity. The cases of λ 0 = 10 and λ 0 = 15 correspond to the intermediate regime between the HD and LD ones. (59b) and (63) for the LD regime and equations (62b) and (65) for the HD regime at γ = 5/3 and λ 0 = 15.
Escape rates
Once the problem is solved for given source conditions, the mass and energy escape rates as functions of λ 0 and Kn 0 can be expressed in reduced units, e.g. as ratios to the mass, m(J0) , and energy, e(J0) , Jeans escape rates at the source (Volkov et al. 2011a,b; Johnson, Volkov & Erwin 2013) 
e e(J0)
is the source Mach number, and
The source Jeans escape rates are the escape rates in free molecular flow in the whole atmosphere above the source. From the standpoint of the kinetic molecular theory, the deviation of m / m(J0) and e / e(J0) from 1 appears only as a result of molecular collisions, so that with increasing Kn 0 , when the escaping flow evolves into free molecular one, these ratios must approach 1. This behaviour of m / m(J0) and e / e(J0) at large Kn 0 is observed in the kinetic simulations of thermal escape (Volkov et al. 2011a,b; 2013) , so that for the agreement between kinetic and hydrodynamic models of thermal escape, the escape rates predicted by the hydrodynamic models should possess the same property: m / m(J0) , e / e(J0) → 1 when Kn 0 → ∞ at fixed λ 0 .
The results of numerical calculation of the escape rates based on Parker's model (Fig. 14) demonstrate, however, a qualitatively different behaviour. In particular, at any fixed λ 0 , the reduced mass escape rate with increasing Kn 0 approaches a horizontal asymptote at a level that can be orders of magnitude smaller than 1 (Fig. 14a,  b ). The energy escape rate calculated on per particle basis rises without bound (Fig. 14c, d) . Volkov (2015) has shown that such asymptotic behaviour of the escape rates corresponds to the LD The results obtained with this equation at λ 0 = 15 are shown by the dash-dotted curves in Fig. 14(c, d) 
In the HD regime, e /( T 0 m ) does not approach a constant value with decreasing Kn 0 in the considered range of Knudsen numbers. This effect is more pronounced and e /( T 0 m ) drops faster with decreasing Kn 0 at ω = 1 than at ω = 1/2. Thus, an increase in ω results in an increase in the mass (number) escape rate, but reduces the energy escape rate calculated on per molecule basis. Assuming that temperature and velocity are given by equations (43) and (46) and considering only sufficiently large λ 0 ∼ λ 0(lim) , when λ c can be approximated by λ c(min) , one can obtain the following equation for the energy escape rate in the HD regime:
This equations can be practically used only in the case of a Maxwell gas when W is given by equation (57), since λ 0(lim) = γ /(γ − 1) at ω < 1. The results of calculations of the energy escape rate based on equation (65) From the physical standpoint, the rise of energy escape on per particle basis without bound in the LD regime is the deficiency of Parker's model. In this regime, the flow is dominated by heat conduction everywhere, including exoshere, where the effect of conduction is hugely overestimated. In this case the escape energy supplied by heat conduction is consumed for increasing the energy of individual escaping molecules instead of increasing the number of the escaping particles.
Comparison of the full Parker's model and its HD approximation
Using the two-step approach developed in this paper for Parker's model, the escape rates were also calculated for Parker's HD approximations when the term with the kinetic energy is neglected in the energy equation (12b). The solutions for the full model and its HD approximation are different, especially when λ c is close to λ c(max) , since the HD approximation does not approach the isentropic model even in the case of a diatomic gas and λ c(max) are different for both models. The escape rates, however, are similar for both models in the case of a monatomic gas at arbitrary ω and in the case of a diatomic gas if ω is close to 1. If the escape rates for Parker's HD approximation would be plotted on top of escape rates shown in Fig. 14(a, b) , the corresponding curves for both models would be visually identical. The explanation of this fact is simple. It was shown that solutions of Parker's model exhibit the transition from the LD approximation at the critical point to the ZPHD approximation at the source (Figs 11 and 12) . The velocity term in the energy equation does not contribute to solutions in the LD and ZPHD approximations (with exception of the case of a monatomic non-Maxwell gas, where the kinetic energy does not vanish completely in the ZPHD approximation, but remains small), so the LD and ZPHD approximations for both models are merely identical as well as asymptotic values of the escape rates in the LD and HD regimes. The only case when the escape rates can be essentially different is the case when the source Jeans parameter is small and close to λ c(max) . Then the flow near the critical point is not described by the LD approximation, and the HD approximation can be essentially different from the full Parker's model. This case is only of marginal interest for planetary science applications.
At the same time the HD approximation is found to have a distinct peculiarity for a diatomic gas when ω is close to 1/2. Namely, it was found that the HD approximation does not have solutions with ϕ m → 0 for a diatomic gas with the viscosity index from the interval 1/2 ≤ ω <∼ 0.7 (the upper bound of this interval is established only roughly). This feature drastically changes the domain of existence of solutions as compared to the corresponding domain for the full Parker's model shown, e.g. in Fig. 4(c) . The solutions of the HD approximation in this case exist only in a narrow band close to the dash-dotted curve in Fig. 4 (c) and this approximation does not have solutions for large source Jeans parameter. For small source Jeans parameters, the HD approximation has solutions only in a limited range of the source Knudsen number.
0 C O M PA R I S O N O F PA R K E R ' S A N D K I N E T I C M O D E L S
The values of the mass and energy escape rates predicted by Parker's model are compared in Fig. 16 with results of recent kinetic simulations performed by Volkov et al. (2011b ) for a diatomic gas based on the VHS molecular model with ω = 1. It is seen that both the mass and energy escape rates calculated based on the hydrodynamic equations asymptotically agree with the kinetic rates in the HD regime, e.g. at λ 0 = 5 and λ 0 = 10. At λ 0 = 15, Parker's and kinetic rates do not agree with each other, since the range of Kn 0 shown in Fig. 16 corresponds to the LD regime. In the LD regime occurring when Kn 0 → ∞, Parker's mass escape rate closely follows the solution given by equation (59b). This equation predicts the maximum Parker's escape rate at a given λ 0 , but this maximum value can be both larger (at small λ 0 ) and much smaller (at large λ 0 ) than the corresponding kinetic escape rates m / m(J0) , which all approach 1 at Kn 0 → ∞ (Volkov et al. 2011a ). In the range of moderately small Kn 0 shown in Fig. 16 , the kinetic mass escape rates are non-monotonous functions of Kn 0 with maximums shifting towards smaller Kn 0 with increasing λ 0 . This behaviour is not reproduced by Parker's model, which always predicts a monotonously increasing escape rates with increasing Kn 0 . The fact that Parker's and kinetic escape rates agree only in the HD regime leads Volkov (2015) to the formulation of a criterion of validity of Parker's model which takes the form
where the 'turning' Knudsen number Kn P is equal to The criterion given by equation (66) can be used in order to divide the domains of existence of solutions of Parker's model shown in Fig. 4 for various γ and ω into subdomains of the LD and HD regimes of thermal escape. In that figure, the dash-doubledotted curves are obtained with equation (67). In the domains above these curves, source conditions correspond to the HD regime. In the domains below these curves, thermal escape occurs in the LD regime. Fig. 1 , because the simulations in Fig. 1 are performed with identical escape rates in both models, while in Fig. 17 the escape rates obtained in the hydrodynamic and kinetic simulations are different. One can see, however, that simulations with Parker's model agree well with kinetic simulations below the exobase in the HD regime, but are drastically different in the intermediate and LD asymptotic regimes. In the HD regime, Parker's model accurately predicts distributions of gas density and temperature up to the exobase, so that moderate quantitative differences in the escape rate between Parker's and kinetic models fully originate from differences in the near-source velocity fields. In the exosphere, Parker's model substantially underestimates the gas temperature and density and overestimates the gas velocity. In the LD regime, the difference between Parker's and kinetic models is most pronounced in distributions of temperature. Here, Parker's model provides poor approximation to the distribution of temperature even in the vicinity of the source. It predicts large gradient of temperature at the very source, while kinetic simulations show that dT /dr is practically zero at r = r 0 as it is seen in the inset of Fig. 17(b) . Far from the source, Parker's model predicts much faster drop of atmospheric temperature, and, consequently, less extended atmosphere compared to the kinetic model. All these differences between the flow fields obtained with Parker's and kinetic models in the LD regime originate from the strong overestimation of the effect of heat conduction in Parker's model.
C O N C L U S I O N S
The two-step numerical approach is developed for solving the thermal escape problems based on Parker's (1964a,b) model in a purely steady-state form. This approach is capable of finding accurate restrictions imposed on the solutions by the assumption of vanishing temperature far from the source. The simulations showed that the adopted values of the isentropic expansion factor and the viscosity index have strong impact on the properties of the escaping flows.
The numerical simulations demonstrated that solutions of Parker's model exist only in a narrow range of Jeans parameter in the critical point, from λ c(min) to λ c(max) . The lower limit of this range corresponds to the case when the Knudsen number, characterizing the local degree of rarefaction in atmosphere, is large everywhere, including the source and critical point. This lower limit of the critical Jeans parameter depends only on the viscosity exponent ω of the atmospheric gas. For critical Jeans parameters smaller than this limit, there are no solutions satisfying Parker's condition of zero temperature far from the source: at arbitrary values of the mass escape rate, including zero, the temperature asymptotically approaches a non-zero value at infinity. Solutions at the smallest possible Jeans parameter correspond to Parker's (1964b) LD approximation and are dominated by heat conduction. The accurate analytical expressions for the distribution of gas velocity as well as the equations for the mass escape rate in terms of gas properties and source Jeans parameter are obtained for this case.
The upper limit of the critical Jeans parameter corresponds to the case when the Knudsen number is small everywhere, including at the source and critical point. This is the case of the CPHD approximation, when the effect of thermal conductivity tends to vanish and the flow is dominated by the effects of adiabatic expansion. Theoretical analysis and numerical calculations showed that degeneration of Parker's model in this limit occurs differently in polyand monatomic gases. In polyatomic gases, Parker's model degenerates into the isentropic model of gas flow in a gravitational field (Parker 1963) in the pointwise sense thanks to the fact that this isentropic model describes continuous acceleration of the gas from the isothermal to isentropic sonic points. The corresponding solutions of the isentropic model then reduce to an algebraic equation, which accurately defines the upper limit of the critical Jeans parameter in a polyatomic gas. This upper limit of the critical Jeans parameter in a polyatomic gas is found to be a function of only the isentropic expansion factor. In a monatomic gas, when the isentropic model does have appropriate transonic solutions, the effect of thermal conductivity cannot vanish at the critical point and solutions exist in a range of the critical Knudsen number, which is limited from below. The upper limit of the critical Jeans parameter in this case is accurately established only in the case of a Maxwell gas, ω = 1, while at ω < 1 this value is found with accuracy, limited by the stability of the developed numerical approach.
The domains of existence of solutions of Parker's model for a neutral gas in terms of the source Jeans parameter and Knudsen number are established and shown in Fig. 4 . It was found that the solutions exist at arbitrarily small Knudsen numbers if the Jeans parameter is larger than λ 0(min) , which is equal to 3 in the case of a monatomic Maxwell gas and to γ /(γ − 1) in all other cases. In the case of sufficiently large Knudsen numbers, the solutions exist even at smaller Jeans parameters in all cases with exception of a monatomic non-Maxwell gas. For a monatomic nonMaxwell gas, there is a region on the plane of λ 0 and Kn 0 where the solution of Parker's model for given source conditions is not unique.
The existence of transonic solutions of Parker's model at arbitrarily small Knudsen numbers makes the case of the neutral gas flow drastically different from the ionized stellar corona, where the wind solutions give way to the breeze solutions with decreasing Knudsen number if the Jeans parameter is fixed (Roberts & Soward 1972) . The existence of the wind solutions in a neutral gas at arbitrarily small Knudsen numbers is confirmed by the theoretical analysis of the ZPHD approximation, valid for the case when the source is far from the critical point.
Numerical simulations at finite critical Knudsen numbers showed that the solutions downstream from the critical point tend to first follow the LD approximation and then gradually approach the ZPHD approximation. In a non-Maxwell gas, this approximation is equivalent to the 'adiabatic lapse rate' approximation, while in a Maxwell gas the contribution of heat conduction to the energy balance does not vanish in the ZPHD approximation. The 'rate' of transition between the LD and ZPHD limit approximations crucially depends on the viscosity exponent ω: in a Maxwell gas this transition occurs with decreasing distance to the source relatively fast, so that the ZPHD approximation can really take place. In a non-Maxwell gas, the source Jeans parameter in the ZPHD approximation is small and the transition completes at such small Knudsen numbers, which do not represent any interest even for extreme conditions of massive exoplanets.
Depending on the source conditions, thermal escape described by Parker's model occurs in two asymptotic regimes: the LD regime, when gas flow is dominated by heat conduction and the whole solution between the source and critical point follows the LD approximation, and the HD regime, when the flow is dominated by the effects of adiabatic expansion and near the source is described by the ZPHD approximation. The theoretical expressions for the mass and energy escape rates in both asymptotic regimes are found theoretically. The mass escape rate in the LD regime does not depend on the source Knudsen number, while the energy escape rate increases proportionally to the source Knudsen number. The mass escape rate in the LD regime is the maximum escape rate that can be achieved with Parker's model at fixed source Jeans parameter. In this regime, Parker's model hugely overestimates the effect of heat conduction and the energy supplied by heat conduction is consumed to increase the energy of individual escaping molecules instead of their number. The HD regime corresponds to the case when the Knudsen number is sufficiently small at the source, but not necessarily small at the critical point. The mass escape rate in this regime is proportional to the source Knudsen number, while the energy escape rate is a weak function of the source Knudsen number.
The comparison of the numerical results obtained with Parker's model and in the kinetic simulations by Volkov et al. (2011b and Volkov (2014) showed that Parker's model is capable of satisfactorily predicting both the mass and energy escape rates and flow structure only under the conditions of the HD regime. If the source conditions correspond to the LD regime, then Parker's model usually (with the exception of the case when the source Jeans parameter is smaller then ∼6) substantially underestimates the mass escape rate and overestimates the energy escape rate. In the LD regime, Parker's model predicts much faster drop in atmospheric temperature, and, consequently, less extended atmospheres compared to the kinetic model.
The case of no heating considered in this paper is only of limited importance for real planetary objects where the escape is usually driven by the absorption of stellar radiation. The results obtained in this paper can be used, however, as either benchmarks for comparison with the heating cases, e.g. Strobel (2008b) , Ervin et al. (2013) , Zhu et al. (2014) , or in conditions when there are no constrains on the heating rates, e.g. Schaller & Brown (2007) . More important is that the no heating case can be used to describe the atmosphere above the heated layer, providing important constrains on the escape rate (Watson et al. 1981; McNutt 1989; Hubbard et al. 1990 ) and as a part of combined models where the transition from the surfaceheated to upper-atmosphere-heated atmosphere is considered, e.g. in application to a broad range of physical conditions specific for Kuiper belt objects (Johnson et al. 2015) . The accurate comparison between hydrodynamic and kinetic models of thermal escape from atmospheres subjected to external heating is not available at present, but is currently underway.
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